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The study of maximally non-hamiltonian tough (or l-tough) graphs can give 
some insight into the relationship between NP-complete and co-NP problems 
and, on the other hand, can stimulate further investigation into long cycles 
in tough graphs. Non-tough maximally non-hamiltonian graphs have simple 
structure and can be easily enumerated [7]. 
Given a graph G, let Q(G) denote the minimum sum of the degrees of k 
independent vertices taken over all independent k-subsets of V(G). Assume that 
G and K are disjoint graphs and that a transformation 9: V(G)- V(K) induces 
an injection from components of G to single vertices of K. Let Sp = 
(Go, {Gl, Gz, . . . p G,)) represent a partition 9 of the set of components of G, 
where u is the number of non-singletons in P, Go is the union of elements in 
singletons of $l@ (whence Go = G if and only if r~ = 0 and Go = Ib if and only if 
lg]= V) and, for v > 0, Gi is the union of elements in the ith of the remaining 
cells of 9 for i = 1,2, . . . , II. Put YP=(G,@=G when u=O and sP={G,, G,} 
when lgj= V. For a component C of G with C c Gi for some i E (0, 1, . . . , v}. 
Let EC be the set of all C - qb(V(C)) edges if i = 0 and the set of all 
C - #(V(Gi)) edges if i > 0. Let E * be the union of all sets EC. Let 9’ * + denote 
the graph G U K U E*, which is called a generalized injective join of G and K in 
[8]. Hence, K *+ K3 is a triangle with three disjoint edges appended to its 
vertices. Let * stand for the non-associative joint of disjoint graphs, whence 
G,*G,*G,=(G,*G,)u(G,*G,). 
Conjecture. Let G be a tough non-hamiltonian graph with n 2 3 vertices. There 
exists an no (perhaps no = 17) such that if n 3 no and a,(G) 3 v - 6, then G is a 
factor of either G,, where - 
-- 
G = &n-7)/2 *K,,_,,n*(K*+K3) for odd n 27, (I) 
or, for even n, one of the following three graphs each of which is obtainable from 
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G,_l by joining a new vertex to a maximal clique: 
Graphs of the form (1) appear in [4] as spanning supergraphs of examples 
presented in [S]. The conjecture goes one step further than a recent result in [9] 
that states such a graph G exists with a2(G) 2 n - 5 and n a 14 if and only if n is 
odd; moreover, each such G is a factor of the graph (1). This in turn is related to 
Jung’s theorem in [6] which says that for all n 3 11, no such G exists with 
a*(G) a n - 4. The graphs K1 * ((Km1 U Kml U Km3 *+K3), presented in [S], 
show that no> 17 in the above conjecture because they have order n = 4 + ml + 
m2+ m3 and can have a2 =n-2-max[ml,m2,m3]~n--6 for ns16. For 
related results and problems see [l, 2,3]. 
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For notations and references, see the preceding problem. Let G be a tough 
non-hamiltonian graph with n 2 3 vertices. Consider the following Fan-type 
condition. 
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For all u, u E V(G), d(u, v) = 2 implies max{deg(u), deg(v)} a (n - 6)/2. (4) 
Conjecture. If a,(G) 2 n and condition (4) holds, then 12 2 15, n # 16 and G is a 
factor of a graph in (l), (2) or (3) of the preceding problem. 
This conjecture generalizes that of the preceding problem and improves upon 
Theorem 2 of [9], which states that for such a graph G, the conditions crB(G) 3 n 
and (4), with (n - 6)/2 replaced by (n - 5)/2, imply that II is odd, n 2 15 and G is 
a factor of the graph G, in (1). 
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For notation, see the preceding two problems. 
Conjecture. Let G be a tough non-hamiltonian graph with n 2 3 vertices. For 
some integer nl, if n 3 nl, G is 3-connected, and conditions (4) holds, then G is a 
factor of a graph in (l), (2) or (3) of problem 106. 
The conjecture improves upon theorem 5 of [l] below, which states that no 
such graph G exists if n 2 35, G is 3-connected and (4) holds with the bound 
(n - 6)/2 replacl=d by (n - 4)/2. Notice that the Tietze graph (which coincides 
with the Isaacs graph J3 on 12 vertices) shows that It1 2 13. 
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